This paper introduces the kinematics and two motion planning schemes for a planar, hyper-elastic leaf-spring that is fully supported at the proximal end. The path of the leaf-spring's free-end depends on its zero-energy configuration and loaded initial configuration. These two configurations need to be determined such that the free-end's actual path will go through a desired path, which we define as a set of planar points. Our solutions minimize a weight function which compares the actual and desired paths. We show how our mathematical model fits the behavior of a shape memory alloy Nitinol wire under uniform heating and simulate our motion planning schemes. Finally, we calculate the shape of a real shape memory alloy wire so its free-end's path will follow a straight line.
I. INTRODUCTION
In the literature, robots are divided into three types based on their backbone structure: (1) Hyper redundant rigid robots which are mostly introduced as snake robots; (2) soft robots which are mechanisms that possess a compressible flexible backbone; and (3) flexible robots which have a non-compressible flexible backbone (e.g. a robotic octopus arm). (see [1] for overview, and cf. [2] , [3] ).
In hyper-redundant snake robots, the number of actuators exceeds their workspace dimension. Motion planning for these robots is a well known field in robotic research and usually involves some weight function considerations (see e.g. [4] where the moment at the base actuator was minimized in the motion planning scheme). External forces in these mechanisms are considered in the design phase and flexibility is usually undesired. These robots are designed to work in obstacle workspaces making use of their hyperredundancy. The kinematic functions of such robots, due to their rigidity, are functions of their actuators alone.
Flexible robots, unlike rigid mechanisms, are designed with the ability to reshape under external forces [5] . The forward and inverse kinematics of these robots are not functions of the actuator values alone; rather, they are functions of an additional energy function. This energy can be the result of external forces or kinematic constraints. In these cases,
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For both rigid and flexible mechanisms, (as a result of engineering design constraints), a balance between mechanical abilities, i.e., degree of freedom (DOF), on the one hand, and design complexity, mechanism weight and dimensions, and price, on the other, must be maintained. Ikuta et al. [6] addressed the DOF problem and developed an innovative active catheter with multi-segments that can bend in a narrow blood vessel. They proposed a serial design of pressure actuators actuated using band-pass-valves. Actuating the robot was carried out using a single air input where the pressure selects the desired actuator. In [7] , the researchers designed a hyperredundant, grid shaped parallel mechanism (see [8] ), where each grid segment is a shape memory alloy (SMA) actuator. By considering the SMA hysteresis quality, the actuation input number was minimized to the grid's peripheral node number. These examples demonstrate the necessity of novel design and actuation methods needed under the application constraints.
Under-actuated mechanical systems are ones that have fewer control inputs than configuration variables [9] . They often contain many passive degrees of freedom [10] such as the case of soft and flexible robots. For example, Firouzeh et al. [11] introduce an under-actuated robotic arm with shape memory polymer joints. Through controlling the temperature, individual joint stiffness is adjusted and the selected joints will be activated (using tendons) while the rest of the joints are fixed. In order to control the stiffness of the joint, each joint must have an independent heating ability; the number of electrical wires increases with the DOF. In the presented research, we overcome this issue by providing the simplest mechanism (a shape memory alloy wire) actuated by a single electrical current input. Li and Du [12] present the idea of employing bilateral and unilateral constraints on an under-actuated manipulator to expand its workspace using a single input (tendon). They managed to expend the workspace of the mechanism (expanding the one dimensional arc in its radius direction), although, the expansion requires constraint positioning. Nevertheless, after positioning, the path of the mechanism's free-end in the workspace can be calculated. Though it is beyond the scope of this paper, the author intends to expand on the work presented here to the case of a hyperelastic leaf-spring engaging with obstacles while moving to the zero-energy configuration.
Salero et al. [13] presented a parallel mechanism, actuated by SMA, capable of two rotations and one translation, which they integrated with a gripper for minimally invasive surgery, emphasizing that ''minimally invasive surgery is one of the most challenging techniques for robot designers due to the limited size of access points, the high miniaturization level, and the dexterity needed for performing surgical tasks''. In fact, the mechanical simplicity of SMA wires as manipulators may be used in medical applications such as minimally invasive surgeries and medical insertions [14] . (For a survey of continuum robots for medical applications, see [15] ).
In order to calculate the kinematics of these under-actuated mechanisms under external forces, it is most common to use Elastica to find minimum energy configurations [16] . The energy term is usually taken as the square of the curvature κ = r , where r is the position vector. An additional constraint for maintaining a constant unit length of r is used if the mechanism is not stretchable. The minimum value of the following integral:
Jr r − λ r r − 1 ds, yields the minimum energy configuration. Here J is the energy coefficient and λ is the Lagrange multiplier. In order to solve the dynamic behavior of such mechanisms, the Euler-Lagrange equation is most commonly used, which yields the motion equations. Consider a highly flexible long rod (e.g. a cantilever beam) where force is applied on its end such that the rod is highly deformed. Releasing the force will cause the beam's free-end to transverse in until resting at its minimum-energy configuration (obviously, this motion depends on the medium viscosity as well). For simplicity, let us assume that the free-end motion is constrained to the plane. An elastic beam -treated as an under-actuated mechanism -may result in a variety of planar motions using a single Boolean input -the release of the beam. To our knowledge, motion planning of such a non-controlled, hyper-elastic planar beam has yet FIGURE 1. A 1mm diameter NiTi wire. The wire was given a constant curvature in its two bent areas using a 20mm diameter cylinder. A high gauge wire to reduce external forces was clamped at the free-end. The wire was heated using 4A electrical current. Figure shows the smooth motion from the initial configuration to the final straight configuration (see movie in [18] ).
to be considered. Since the dynamic motion calculation is extremely time consuming in the case where the beam is long and the discrete model is highly redundant, we shall consider the case where the elastic beam is of light weight and highly damped such that motion takes place slowly and the inertial forces are negligible. An example of such a case is the motion of a NiTi wire from its martensite initial configuration to its austenite final configuration due to uniform heating where κ is constant in all bent areas ( Figure 1 ) [17] .
CONTRIBUTION AND PAPER ORGANIZATION
This paper introduces a motion planning scheme for a 1-dimensional hyper-redundant under-actuated, non-controlled, hyper-elastic planar beam. We refer to such a mechanism as Leaf-Spring (LS). We calculate the LS's initial and zero-energy configurations so that its free-end will follow a desired path. We show its kinematics calculations and present two motion planning schemes and real world experiments results. Since our mechanical model is simply a SMA wire, it may be integrated into medical applications where manipulator outer dimension and maneuverability are critical for minimally invasive surgeries. This paper is organized as follows: Section II presents the LS's mathematical model. In Section III we describe two methods for the motion planning scheme. We give our simulation results in Section IV-A and discuss them and future work in Section V.
II. LEAF-SPRING KINEMATICS
In order to calculate the leaf-spring (LS) kinematics, we use a model of an open-chain serial robot which is a concatenation of N links with torsional springs at the joints, with a springconstant κ. In addition, we assume that there is no energy conservation. Thus, reshaping such a mechanism from its relaxed configuration and releasing it will result in a dynamic motion until returning to its relaxed configuration. The path P of LS's free-end, in such a motion, depends on its zeroenergy configuration (ZEC) and loaded initial configuration (LIC). We define by p k the free-end position at the time step k. We define by θ ZEC the goal configuration N -dimensional vector. We start the motion by loading the spring to θ LIC configuration and releasing it. At each time step, the LS's energy is defined as:
where m is the link's mass, v i is the i th link linear velocity and I i is the i th link moment of inertia and ω i is the i th link's angular velocity.
In general, one can define the state space Q of the LS such that:
The Euler-Lagrange equation may be used in order to formulate the LS dynamics:
Here L is the Lagrangian which is defined as T − U where T , U are the kinetic and potential energy, respectively, and F d are the damping forces which in our case can be written as c q.
Solving the Euler-Lagrange equation for a hyper-redundant LS mechanism is highly time consuming, so in this paper we consider the case where motion is taking place slowly in a light-weight mechanism such as in a SMA NiTi wire. In such a case, d dt ∂L ∂q ≈ 0 and the solution to the N Euler-Lagrange equations can be written as a set of N independent equations:
In the case where the SMA NiTi mechanism has an equal curvature at all bending points, the initial potential energy at all joints will be equal. Thus, the mechanism will reach its relaxed configuration at all points at the same time. The discrete mathematical model will change its configurations in C on a straight line from LIC to ZEC.
At any configuration θ ∈ C, the forward kinematics of the LS are calculated as follows: The x and y position of the LS free-end is defined as f ( θ ) and g( θ ) respectively such that:
where l i is the i − th link length. Here we used l i = 1, i = [1, N ]. So, we are looking for a motion in a straight line in C which results -using the forward kinematics-in a path in the mechanism's workspace going through a desired set of points.
III. MOTION PLANNING
We want the path P ( § II) to go through a desired set of points P d . Here, K and S denote the size of the planar point set P and P d , respectively. Obviously, for complexity reasons we set S < K . In this section, we present two methods to calculate the LIC and ZEC configurations such that P will optimally follow P d .
A. METHOD I: WEIGHT FUNCTION MINIMIZATION
We first define xy( θ ) as a function which returns the planar position of the LS's free-end. The weight function which evaluates the proximity of P to the given P d calculates two elements. The first:
where n 1 > 1 controls the weight of F 1 . By minimizing F 1 we ensure that the motion of the LS starts and ends at LIC and ZEC, respectively. The second element ensures that the LS will go through all other desired points in the correct order. The length L d (s) in the desired path from the initial point to any other point s ∈ S in the set P d {s} is:
For example, in order to go through P d {2} one needs to minimize P d (2) − P int L d (2) L d (S) K . So we define:
again, we control the weight of F 2 with n 2 > 1. F 2 matches P to P d such that the mechanism will to go through all points in the right order without undesired paths between adjacent points in P d in a way that:
Here L(k) calculates the path-length from the initial point to the k − th point in P such that:
Note that it is important to sample the actual path such that the distance between each adjacent points will be equal. Finally, we define the weight function F = F 1 + F 2 . We used MATLAB's bounded fminsearch algorithm in order to find LIC and ZEC. The solution vector is defined as [θ LIC , θ ZEC , φ] where φ is the rotation of P d around its geometric center. Upper and lower bounds are used to limit the bending angles to |θ max | for feasibility reasons. The simulation results are presented in section IV-A.
B. METHOD 2: CONSTRAINT CRAWLING
Due to the hyper-redundancy of the LS, the mechanism's inverse kinematics is not an injective function; an infinite number of configurations in C will satisfy the same workspace point (leaving out singular points on the workspace boundary). For any configuration θ ∈ C the nullspace K of ∇f ( θ), ∇g( θ ) is a N − 2 vector base which locally maintains the value of x and y in the workspace plane. So, changing the initial configuration in the null-space of K(∇f ( θ LIC ), ∇g( θ LIC )) and the final configuration in the null-space of ∇f ( θ ZEC ), ∇g( θ ZEC ) maintains the initial point and the goal point of the desired path P d . We call such motion in C constraint crawling [4] (Figure 2 ). This method starts by calculating two configurations {θ LIC , θ ZEC } ∈ C which satisfies the initial point and the goal point in the desired path P d .
The straight motion-line from LIC to ZEC needs to go through all points in P d . To achieve that, we use F 2 as the weight function and calculate it on n sampled points on the motion-line. Moving in C in the direction of −∇F 2 results in decreasing F 2 . This motion alone obviously will not maintain the initial point and the goal point. To fix this, we calculate the null-space of the four gradients:
and define V to be the projection of −∇F 2 on K such that:
whereK i is the i-th base vector of K. Finally, the motion in C in order to decrease F 2 is defined by:
where 1 is the step size in C. Hence, the LIC and ZEC configurations in C are obtained by repetitively calculating (Equation 4 ) until the projection of ∇F 2 on K vanishes (constraint-Crawling Pseudo-code 1).
IV. RESULTS

A. SIMULATION RESULTS
We conducted a series of experiments to validate our algorithms. In each experiment, we changed N , the LS discrete dimension, and S, the point amount in P d . It should be noted that solving complex paths -a path which ''oscillates'' -requires ''curls'' in the configuration (Figure 3 ) and the number of curls increases with the complexity of the Algorithm 1 Constraint-Crawling Pseudo-Code Data Inputs θ LIC , θ ZEC , P d Output θ LIC , θ ZEC where the line between them in C goes through P d in the desired order. Set c to be the desired value of F 2 While F 2 > c:
calculate v = ∇F 2 , ∇f (θ ),∇g(θ ). calculate K = null(∇f (θ ), ∇g(θ )) project v on K. move in the projection direction in C reducing F 2 . In addition, we also solved the motion planning for square shapes. In all simulations, the solution for N was empirically shown. See in [18] some of the simulation results.
B. REAL-WORLD EXPERIMENTS
The simulations calculate the theoretical SMA shape for some ''interesting'' paths. Obviously, the SMA model and the real SMA are slightly different, so a real experiment of these paths is possible, yet complex. Nevertheless, we tested the possibility to calculate the path of the SMA wire's tip for a given shape, according to our model. The results indeed confirm it is possible to predict the SMA's path. To examine . The resultant real path is a straight line (see [19] for the experiment movie clip).
our model, we took a SMA wire and gave it an initial martensite configuration ( Figure 6 ). We heated the SMA using electrical current and compared the free-end's path with the simulation results. Both θ LIC and θ ZEC configurations of the SMA were sampled from a webcam figure. In addition, we conducted another real-world experiment of SMA motion planning for a straight-line path. Here, in order to ease the initial configuration shaping (which was shaped by hand), bending was made only in three areas along the SMA (Figure 7) , i.e. the dimension of θ LIC equals 3. The initial configuration was calculated using the presented gradient descent approach: A given initial configuration results in a path on the plane. We calculated MATLAB's POLYFIT function for a second-degree polynomial x(s), y(s) and minimized the second-degree coefficient. Figure 7 presents the initial configuration and the free-end's path (see [19] for the experiment movie clip).
V. CONCLUSIONS
This paper deals with motion planning of an under-actuated, non-controlled elastic mechanism. We calculated the loaded initial configuration and the final relaxed configuration of a leaf spring so its free-end's actual path -during the motion -will go through a desired set of points. We used a discrete model which is a concatenation of links with torsion springs and suspension at the joints, and assumed that motion took place slowly such as in a NiTi SMA wire motion from its martensite initial configuration to its austenite final configuration due to uniform heating. We used two methods for the motion planning scheme: a MATLAB minimum finder using a derivative-free method and a constraint crawling algorithm. Both methods were able to solve the problem, although MATLAB's minimum finder algorithm was able to reach the desired path in approximately a fifth of the calculation time of the crawling algorithm. According to our real-world experiments, the ability to predict the SMA free-end's path is indeed possible. We also presented a real-world motion planning for a straight line path. Here, we shaped the SMA by hand. Obviously, better results may be achieved by shaping the SMA's martensite and austenite configurations using a robotic system. We intend in the future to calculate the configuration of a parallel under-actuated mechanism (e.g. two leaf springs connected at the free-end). This will be made by calculating the loaded and the relaxed configurations or alternatively by calculating the local spring constant at each joint. In addition, we intend to solve the motion planning scheme in obstacle environments.
